Abstract. This paper is devoted to the study of vector valued reproducing kernel Hilbert spaces. We focus on reproducing kernels in vector-valued reproducing kernel Hilbert spaces. In particular we extend reproducing kernels to relative reproducing kernels and prove some theorems in this subject.
Introduction
The purpose of this paper is to establish the notion of vector-valued relative reproducing kernels in Hilbert and Banach spaces. In learning theory, reproducing kernel Hilbert spaces (RKHS) and reproducing kernel Banach spaces (RKBS) are important tools for designing learning algorithms. The basic object is a Hilbert or Banach space of functions f from a set X into a normed vector space Y with the property that, for any x ∈ X, |f (x)| ≤ C x |f | for a positive constant C x independent of f . In continues, we briefly review basic definitions. More details can be found in [1, 2, 3, 4, 5] .
Given a set X and a normed vector space Y, a map
or any x 1 , . . . , x n in X, y 1 , . . . , y n in Y and n ≥ 1. Given x ∈ X, K x : Y → F (X, Y) denotes the linear operator whose action on a vector y ∈ Y is the function K xy ∈ F (X, Y) defined by
Given a Y-reproducing kernel K, there is a unique Hilbert space
The space H K is called the reproducing kernel Hilbert space associated with K, the corresponding scalar product and norm are denoted by ., . K and . K , respectively. As a consequence of (1.4), we have that
(1.6) Let H be a Hilbert space of functions defined on the set X. We say that it is a relative reproducing kernel Hilbert space if there exists a function M x,y from X × X into H such that
where . V denotes the norm on V . Every Banach space has a compatible semi-inner product. Let [., .] V be a compatible semi-inner product on V . Then one sees by the Cauchy-Schwartz inequality that for each f ∈ B, the linear functional f * on V defined by
is bounded on V . In other words, f * lies in the dual space B of B. Moreover, we have f * V * = f V (1.10) Introduce the duality mapping I V from V to V by setting
Let Λ be a Banach space. A space B is called a Banach space of Λ-valued functions on X if it consists of certain functions from X to Λ and the norm on B is compatible with point evaluations in the sense that
(1.12) We call B a Λ-valued RKBS on X if both B and Λ are uniform and B is a Banach space of functions from X to Λ such that for every x ∈ X, the point evaluation δ x : B → λ defined by
is continuous from B to Λ.
Main Results
Definition 2.1. Let X be set an arbitrary set, Y a normed vector space and H a vector-valued reproducing kernel Hilbert space with K as its reproducing kernel satisfying in properties (1.1, 1.2). We say that it is a vector-valued relative reproducing kernel Hilbert space (RRKHS) if there exists a function M x,y such that
where M * x,y : H → Y is the adjoint of M x,y . Definition 2.2. Let B be a Banach space of Λ-valued functions on X. We call B a Λ-valued relative reproducing kernel Banach space (RRKBS) on X if both B and Λ are uniform and B is a Banach space of functions from X to Λ such that for every x ∈ X, the function ζ x,y : B → λ defined by
Theorem 2.3. The function M x,y in (2.1) is unique and satisfies
Proof. The uniqueness of the function M x 1 ,x 2 follows from Riesz representation theorem. This uniqueness and following equality imply (2.4).
Theorem 2.4. Previews theorem also holds in RRKBS but the function is not necessarily unique in these spaces.
Proof. similarly to theorem 2.3.
Obvously the Riesz representation theorem does not hold in general Banach spaces but with adding some conditions, this theorem can be hold. So in general case, the above uniqueness does not hold. 
